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Gamma factors of level zero supercuspidal representations
Chang Yang
Abstract. We give an explicit formula for the twisted gamma factor for a pair of irre-
ducible supercuspidal representations of level zero. We also obtain an explicit formula for
the unramified base change of level zero supercuspidal representations.
0. Introduction
0.1. Main result and Motivation. Throughout this note, let F be a p-adic field with
residue field of q elements. Denote by o and p the ring of integers of F and the maximal
ideal of o.
Let π and τ be irreducible smooth representations of GLnpFq and GLmpFq. Let ψ be a
nontrivial character of the additive group of F. The gamma factor γps, π ˆ τ, ψq was first
introduced in [JPSS], alongwith an L-function Lps, πˆτq and a local constant εps, πˆτ, ψq.
It is desirable to have explicit formulae for these gamma factors. By [JPSS], the
computation can be reduced to the case of supercuspidal representations. When τ “ 1F is
the trivial representation of GL1pFq, then γps, π ˆ 1F , ψq is nothing but the gamma factor
γps, π, ψq in the sense of Godement-Jacquet [GJ]. There are explicit formulae for γps, π, ψq
in terms of “non abelian Gauss sums” (See [Bus], [BF]; also [BH2] for the GL2 case). On
the other hand, in the twisted case, one has only an explicit formula for the conductor of
the local constants εps, πˆ τ, ψq (See [BHK2]).
In this short note, we confine ourselves to irreducible supercuspidal representations
of level zero. A smooth representation π of GLnpFq is called of level zero if it contains a
nontrivial fixed vector for the subgroup 1` pMnpoq of GLnpoq. Our main result is
Theorem 0.1. Let π resp. τ be an irreducible supercuspidal representation of level
zero of GLnpFq resp. GLmpFq, with n ą m. Let ψ be a character of F of levle one, that is,
ψ is trivial on p but not on o. Then
γps, π ˆ τ, ψq “ p´1qnm´pn,mqq´nm{2
pn,mq´1ź
i“0
Gp rηπqi ˝ Nrn,ms:n ¨ rητ ˝ Nrn,ms:m, ψ˜q.(0.1)
Here
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‚ pn,mq is the greatest common divisor of n and m;
‚ rηπ resp. rητ is the regular character of Fˆqn resp. Fˆqm that corresponds to π˜ resp.
τ˜ via Green’s parameterization (see §3.2, (3.3)), while π˜ resp. τ˜ is the cuspidal
representation ofGLnpFqq resp. GLmpFqq which is uniquely determined by π resp.
τ (see §3.3, (3.6));
‚ Nrn,ms:n resp. Nrn,ms:m is the norm map from F
ˆ
qrn,ms
to Fˆqn resp. F
ˆ
qm;
‚ ψ˜ is the character on κF – Fq which is induced by ψ, ψ˜px¯q “ ψpxq for all x P o.
and
Gpβ, ϕq :“
ÿ
aPFˆ
qN
βpaqϕpTra´1q “
ÿ
aPFˆ
qN
β´1paqϕpTraq(0.2)
is the Gauss sum for a multiplicative character β of Fˆ
qN
and an additive character ϕ of Fq,
where Tr is the trace map from FqN Ñ Fq.
The motivation of our work arises from a question on gamma factors over finite fields
that was proposed in [NZ, Conjecture 2.2]. A formula similar to (0.1) for gamma factors
over finite fields is given in Theorem 6.3. Let us add some words on the strategy of our
method. We first use a result in [BHK1] to reduce the general case to the case m “ 1. The
main point of our work is then to determine the base change, in the sense of [AC], of a level
zero supercuspidal representation. We use the explicit local Langlands correspondence for
level zero representations, developped in [BH3], to transfer the question to the Galois side.
When m “ 1, the computation is a consequence of a result on gamma factors over finite
fields [Nie2] and a connection formula between gamma factors for level zero supercuspidal
represenations and gamma factors over finite fields [NZ].
0.2. Notations and Conventions. (1) For a smooth representation π of GLnpFq, de-
note by π_ the smooth dual of π. If π is irreducible, denote byωπ the central character of π.
For representations πi of GLnipFq, i “ 1, ¨ ¨ ¨ , r, denote by π1ˆ ¨ ¨ ¨ ˆ πr the representation
of GLn1`¨¨¨`nrpFq obtained from π1 b ¨ ¨ ¨ b πr by normalized parabolic induction. For a
representation π and a character χ of GLnpFq, denote χπ to be the representation on the
space of π given by pχπqpgq “ χpgqπpgq. Let | ¨ | denote the normalized absolute value on
F and ν denote the character | ¨ | ˝ det of GLnpFq.
(2) Denote by U the group of units in o, by κ “ o{p the residue field of F. We fix a
uniformizer̟ in p.
If E{F is a finite field extension, we use the analogous notations oE , pE , UE , etc. The
norm map Eˆ Ñ Fˆ is denoted NE{F , and the trace E Ñ F is TrE{F .
We fix a separable algebraic closure F¯ of F. All finite extension of F are supposed to
be contained in F¯. Hence an unramifed extension over F of a fixed degree is unique. For
E{F a finite unramified extension, we still use ̟ as a uniformizer in pE .
For a finite field extension K{F, denote byWK the Weil group of K. We will view
WK as a subgroup of WF as in [BH2, §28.5]. Let aF : WF Ñ F denote the Artin
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reciprocity map ([BH2, §29.1]). We fix a geometric Frobenius element Φ inWF and a
arithmetic Frobenius element φ “ Φ´1.
If E{F is a finite extension, we write IndE{F rather than Ind
WF
WE
for the functor of
smooth induction fromWE toWF . Also, if ρ is a smooth representation ofWF , we put
ResE{F ρ “ ρ|WE .
1. Preliminaries
1.1. Gamma factors for Weil representations. Let Gssn pFq denote the set of iso-
morphism classes of semisimple smooth representations ofWF of dimension n and write
GsspFq “
Ť
ně1 G
ss
n pFq
1. For σ P GsspFq and a nontrivial character ψF of F, let Lps, σq
be the Artin L-function and εps, σ, ψFq be the local constant defined by Langlands and
Deligne (see [Del]). Denote by σ_ the contragradient representation of σ. Similar to the
definition of local gamma factors in [JPSS], we define
γps, σ, ψFq “ εps, σ, ψFq
Lp1 ´ s, σ_q
Lps, σq
.(1.1)
Suppose thatσ1, σ2 P G
sspFq. By the additive properties of L and ε ([BH2, §29.3,29.4]),
we have
γps, σ1 ‘ σ2, ψFq “ γps, σ1, ψFqγps, σ2, ψFq.(1.2)
Let K{F be a finite field extension and ρ P Gssn pKq. Note that pIndK{Fρq
_ – IndK{F ρ
_.
By the inductive properties of L and ε ([BH2, §29.3,29.4]), we have
γps, IndK{Fρ, ψFq
γps, ρ, ψKq
“
γps, IndK{F 1K , ψFq
n
γps, 1K , ψKqn
,(1.3)
where 1K stands for the trivial representation ofWK and ψK “ ψF ˝ TrK{F .
Remark 1.1. The functions L and ε can be defined for Weil-Deligne representations
of F (see [BH2, §31.3]), so is γ by (1.1). It turns out that γps, pσ, nq, ψFq “ γps, σ, ψFq,
where we denote by pσ, nq a Weil-Deligne representation and n is the nilpotent part.
1.2. Local Langlands correspondence for GLnpFq. Let AnpFq be the set of iso-
morphism classes of irreducible smooth representations of GLnpFq and A
0
npFq its subset
consisting of supercuspidal representations. Let GnpFq be the set of isomorphism classes
of semisimple Weil-Deligne representations of F of dimension n. Denote by G0npFq the set
of isomorphism classes of irreducible smooth representations ofWF of dimension n. We
identify G0npFq as a subset of GnpFq by letting the nilpotent part be 0.
The Langlands correspondence for GLn over F, proved by Harris-Taylor [HT] and by
Henniart [Hen2], is the unique collection of bijections
l
F
n : AnpFq Ñ GnpFq(1.4)
1In this note, we do not need the nilpotent part in Weil-Deligne representations.
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such that the map lF1 is given by the local class field theory, and that for π P AnpFq,
π1 P An1pFq, we have
Lps, πˆ π1q “ Lps, lFn pπq b l
F
n1pπ
1qq,
εps, πˆ π1, ψq “ εps, lFn pπq b l
F
n1pπ
1q, ψq.
Hence
γps, πˆ π1, ψq “ γps, lFn pπq b l
F
n pπ
1q, ψq.(1.5)
The maps tlFn u are first constructed forA
0
npFq and then extended toAnpFq, using the
classification of Langlands, Bernstein and Zelevinsky. We recall briefly this process (see
[Hen1, Chapter 2]). According to [Zel, 9.3], each essentialy square-integrable represen-
tation π is of the form Stkpρq, for some k ě 1 and ρ P A
0
npFq, where Stkpρq denotes the
unique irreducible quotient of ρˆ νρˆ ¨ ¨ ¨ ˆ νk´1ρ. We have
l
F
n pStkpρqq “ l
F
n pρq b Spk,(1.6)
where Spk denotes the special Weil-Deligne representation ofWF of dimension k ([BH2,
§31.1]). Denote byA˝npFq the isomorphism classes of essentially square-integrable repre-
sentations. For every π P A˝npFq, there is a unique αpπq P R such that ν
´απ is unitary and
square-integrable. Let r ě 1 and π1, ¨ ¨ ¨ , πr be elements ofA
˝
npFq. Suppose that
αpπ1q ě ¨ ¨ ¨ ě αpπrq.(‹)
Then the representation π1 ˆ ¨ ¨ ¨ ˆ πr has a unique irreducible quotient Jpπ1, ¨ ¨ ¨ , πrq. By
the Langlands classification ([Sil]), each π P AnpFq is of the form Jpπ1, ¨ ¨ ¨ , πrq for some
r ě 1 and π1, ¨ ¨ ¨ , πr P A
˝
npFq. The isomorphism class of Jpπ1, ¨ ¨ ¨ , πrq does not depend
on the order of πi provided that the conditon (‹) is satisfied. We have
l
F
n pJpπ1, ¨ ¨ ¨ , πrqq “ l
F
n1
pπ1q ‘ ¨ ¨ ¨ ‘ l
F
nr
pπrq.(1.7)
2. Base change and automorphic induction
A key ingredient in our method is to use a formula on the twisted local gamma factors
which compares base change and automorphic induction.
Let K{F be a cyclic extension. Recall that, in [AC, §1.6], base change associates to
every π P A0npFq an irreducible smooth representation πK{F of GLnpKq
2. Via the Langlands
correspondence, the base change from F to K corresponds to the restriction toWK from
representations ofWF ([BHK1, §3.1]). So, we have
ResK{Fpl
F
n pπqq “ l
K
n pπK{Fq.(2.1)
Assume that K{F is cyclic of degree d. According to [HH], automorphic induction
sends any generic ρ in AnpKq to a unique ρ
K{F P AndpFq (see also [BHK1, §2.5]). The
automorphic induction from K to F corresponds, again via the Langlands correspondence,
2The definition of πK{F was extended to all π P AnpFq in [AC, pp. 59-60], but we do not need this fact in our
context.
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to the induction toWF from representations ofWK , i.e.,
IndK{Fpl
K
n pρqq “ l
F
ndp ρ
K{Fq,(2.2)
where ρ is generic ([BHK1, §3.9]).
The following result can be found in [BHK1, A.8]. We supply here a “proof” different
than that in loc.cit.
Proposition 2.1. Assume K{F to be a cyclic extension. Let π P A0npFq and ρ P A
0
n1
pKq
with ρ generic. Let ψF be a nontrivial character of F. Then
γps, π ˆ ρK{F , ψFqś
χPΞ γps, χ, ψFq
nn1
“
γps, πK{F ˆ ρ, ψKq
γps, 1K , ψKqnn
1 ,(2.3)
where Ξ is the group of characters of Fˆ that is trivial onNK{FpK
ˆq and ψK :“ ψF˝TrK{F .
Proof. We omit the subscripts in the lFn .
γps, πˆ ρK{F , ψFq “ γps, lpπq b lpρ
K{Fq, ψFq(2.4)
“ γps, lpπq b IndK{F lpρq, ψFq
“ γps, IndK{FpResK{F lpπq b lpρqq, ψFq.
In view of (1.3), we have
γps, IndK{FpResK{F lpπq b lpρqq, ψFq
“ γps,ResK{F lpπq b lpρq, ψKq ¨
γps, IndK{F1K , ψFq
nn1
γps, 1K , ψKqnn
1(2.5)
“ γps, πK{F ˆ ρ, ψKq
γps, IndK{F1K , ψFq
nn1
γps, 1K , ψKqnn
1 .
Note that, by local class field theory, Ξ corresponds to the group of characters ofWF that
is trivial onWK . The equality (2.3) follows then from the local Langlands correspondence
(1.5) and the simple fact that
IndGH1H “ ‘
χPzG{H χ,
where H is a normal subgroup ofG of finite index such thatG{H is abelian, 1H is the trivial
representation of H andzG{H is the group of characters of G{H. Q.E.D.
Remark 2.2. Strictly speaking, this is not really a proof, as the formula (2.3) predates
and is used to establish the local Langlands correspondence for GLnpFq, while we use
the Langlands correspondence in the “proof”. The original proof in [BHK1] involves a
global method.
3. Gamma factors over finite fields
3.1. Baisc facts. In her thesis [Rod], Roditty considered a finite field analogue of
Rankin-Selberg convolution in the same way as in [JPSS]. There she defined the gamma
6 CHANG YANG
factor (a complex number in this case, instead of a function!) as the ratio appeared in
certain functional equations.
We fix a nontrivial character ψ of Fq in this subsection. Let UnpFqq be the group of
upper triangular unipotent matrices in GLnpFqq. Let
ψnpuq “ ψp
n´1ÿ
i“1
ui,i`1q, for u “ pui jq P UnpFqq.
If π is a generic representation of GLnpFqq, denote byWpπ, ψnq the Whittaker model of π
with respect to ψn. We refer to [Nie1] for the undefined notations in this subsection.
Theorem 3.1 ([Rod], Theorem 5.1, 5.4 or [Nie1], Theorem 2.10). Let π be an irre-
ducible cuspidal representation of GLnpFqq and τ an irreducible generic representation of
GLmpFqq, with n ą m. Then there exists a complex number γpπ ˆ τ, ψq such that
γpπˆ τ, ψqqkm
ÿ
gPUmzGLmpFqq
ÿ
xPMn´m´1´k,m
Wπ
` ¨˚˝g 0 0x In´m´1´k 0
0 0 Ik`1
‹˛‚˘Wτpgq
“
ÿ
gPUmzGLpFqq
ÿ
yPMm,k
Wπ
` ¨˚˝0 In´m´k 00 0 Ik
g 0 y
‹˛‚˘Wτpgq,
for all 0 ď k ď n´ m´ 1, Wπ PWpπ, ψnq and Wτ PWpτ, ψ
´1
m q.
There is a distinguished element in the Whittaker model that can be used to compute
the gamma factors.
Proposition 3.2 ([Gel], Proposition 4.5). Let π be an irreducible generic representa-
tion of GLnpFqq with χπ its (trace) character. The functon
Jπ,ψnpgq “ |UnpFqq|
´1
ÿ
uPUnpFqq
χπpguqψnpu
´1q(3.1)
lies inWpπ, ψnq and satisfies
Jπ,ψnpu1gu2q “ ψnpu1u2qJπ,ψnpgq, ui P UnpFqq and Jπ,ψnpInq “ 1.
The function Jπ,ψn is called the (normalized) Bessel function of π with respect to ψn.
In terms of Bessel functions, we have the following
Proposition 3.3 ([Rod], Lemma 6.1.4). Let π be an irreducible cuspidal representa-
tion of GLnpFqq and τ an irreducible generic representation of GLmpFqq, n ą m. Then
γpπˆ τ, ψq “
ÿ
gPUmzGLmpFqq
Jπ,ψn
`˜0 In´m
g 0
¸˘
J
τ,ψ
´1
m
pgq.(3.2)
3.2. nˆ 1 gamma factors. We recall Green’s parameterization [Gre] for irreducible
cuspidal representations of GLnpFqq. A character η of F
ˆ
qn is called Fq-regular if the con-
jugates ηs, s P GalpFqn{Fqq are distinct. Two characters η1 and η2 are called equivalent if
η1 “ η
q j
2
for some integer j
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Remark 3.4. A character η is Fq-regular if and only if η cannot factor throughNFqn {Fqd
for some subextension Fqd{Fq.
Let ΛnpFqq denote the set of equivalence classes of Fq-regular characters of F
ˆ
qn . Let
A0npFqq denote the set of isomorphism classes of irreducible representations of GLnpFqq.
Green’s parameterization gives a bijection
A0npFqq ÐÑ ΛnpFqq(3.3)
πÐÑ ηπ
The (trace) character χπ of π is connected with ηπ in an explicit way (see [Gel, §6]). So,
by (3.1), the Bessel function Jπ,ψn can be expressed in terms of ηπ.
In view of (3.2), Nien computes the n ˆ 1 gamma factor as an “abelian Gauss sum”
using special values of Bessel functions. Denote by xFˆq the set of characters of Fˆq .
Proposition 3.5 ([Nie2], Theorem 1.1). Let π be an irreducible cuspidal representa-
tion of GLnpFqq, n ě 2 and τ P
x
F
ˆ
q . Then
γpπˆ τ, ψq “ p´q´1τp´1qqn´1Gpηπ ¨ τ ˝ Nn:1, ψq.(3.4)
where ηπ is the regular character of F
ˆ
qn which corresponds to π by Green’s parameteriza-
tion; the Gauss sum G is as defined in (0.2).
3.3. Connection with local gamma factors over p-adic fields. We recall a result of
Nien and Zhang which shows that gamma factors over finite fields and gamma factors for
level zero supercuspidal representations over p-adic fields are closely related.
A representation π P A0npFq is called of level zero if it contains a nontrivial fixed
vector for the subgroup 1 ` pMnpoq of GLnpoq. According to [BK, Theorem 8.4.1], every
level zero supercuspidal representation is of the form
π – c-Ind
GLnpFq
FˆGLnpoq
χσ,(3.5)
where σ is a representation of GLnpoq that is inflated from an irreducible cuspidal repre-
sentation rσ of GLnpFqq “ GLnpo{pq, χ is a character of Fˆ such that χ|UF equals to the
central character of σ and c-Ind is the compact induction.
The character χ and the representation rσ are uniquely determined by π. Let A0npFq0
denote the set of isomorphism classes of level zero supercuspidal representations of GLnpFq.
Theorem 8.4.1 in [BK] then gives a bijection
A0npFq0 ÐÑ C
ˆ ˆA0npFqq(3.6)
πÐÑ pωπp̟q, rσq.
Convention: For the rest of this note, if π P A0npFq0, we shall always denote by rπ the
second component of the image of π under the bijection (3.6).
Theorem 3.6 ([NZ], Theorem 3.11). Let π P A0npFq0 and τ P A
0
mpFq0, n ą m.
Suppose that ψ has level one. Then
γps, π ˆ τ, ψq “ ωτp´1q
n´1qmpn´m´1q{2γprπˆ rτ, rψq,(3.7)
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where rψ is the character of κF – Fq that is induced by ψ.
4. Explicit Local Langlands Correspondence for level zero supercuspidal
representations
To determine the base change of a representation as indicated in Section 2, we need an
explicit knowledge of the local Langlands correspondence. The explicit correspondence
for level zero representations of GLnpFq was worked out by Bushnell and Henniart in
[BH3]. We recall it here.
4.1. Admissible tame pairs. Recall that a tame pair over F consists of a finite un-
ramified field extension E{F and a character θ of Eˆ that is trivial on U1
E
“ 1 ` pE . A
tame pair pE{F, θq is called admissible if the conjugates θs, s P GalpE{Fq, are distinct. The
following lemma is easy and can be found in [BH2, §19.1].
Lemma 4.1. Let pE{F, θq be a tame pair. The following statements are equivalent:
(i) The pair pE{F, θq is admissible;
(ii) The restrictions θs|UE , s P GalpE{Fq are distinct;
(iii) The character θ cannot factor through NE{K for any subextension K{F.
Two admissible tame pairs pEi{F, θiq, i “ 1, 2, are called F-isomorphic if there is an
F-isomorphism α : E1 Ñ E2 such that θ1 “ θ2 ˝ α. The degree of pE{F, θq is the degree
rE : Fs of the extension E{F. Denote by TnpFq the F-isomorphism classes of admissible
tame pairs of degree n.
Let pE{F, θq be a tame pair of degree n. As θ is trivial on U1
E
, it reduces to a character
θ˜ of UE{U
1
E
– κˆ
E
– Fˆqn . The pair pE{F, θq is admissible if and only if θ˜ is Fq-regular.
Recall that ΛnpFqq is denoted as the set of equivalence classes of Fq-regular characters
of Fˆqn . Then we have a bijection
TnpFq ÐÑ C
ˆ ˆ ΛnpFqq(4.1)
pE{F, θq ÐÑ pθp̟q, θ˜q.
4.2. Parameterization of level zero representations. Firstly, composing (4.1) with
Green’s parameterization (3.3) and then the description of level zero supercuspidal repre-
sentations (3.6), we therefore have a bijective map
pin : TnpFq ÝÑ A
0
npFq0(4.2)
pE{F, θq ÞÝÑ pinpθq.
Secondly, let pE{F, θq P TnpFq. We view θ as a character ofWE via Artin’s reci-
procity map aE , and form the smooth induced representation
σnpθq “ Ind
WF
WE
θ “ IndE{Fθ.(4.3)
Recall that σ P G0npFq is called of level zero if σ is trivial on the wild inertia sub-
group ofWF (see [BH3]). Deonte by G
0
npFq0 the subset of G
0
npFq consisting of classes of
representations of level zero. The following result is contained in [BH1, A2,A3].
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Proposition 4.2. Let pE{F, θq be an admissible tame pair of degree n. Then
(1) The representation IndE{Fθ is irreducible and of level zero. The equivalence class
of IndE{Fθ depends only on that of pE{F, θq;
(2) The map
σn : TnpFq ÝÑ G
0
npFq0
pE{F, θq ÞÝÑ IndE{Fθ
is a bijection.
4.3. Explicit correspondence for level zero supercuspidal representations. It turns
out that σn ˝ pi
´1
n is not the local Langlands correspondence for level zero supercuspidal
representations. Some modifications have to be made.
Proposition 4.3 ([BH3], Theorem 2). Let pE{F, θq be an admissible tame pair of de-
gree n. Define ∆E to be the unique unramified character of E
ˆ of order 2. Then
l
F
n ppinpθqq “ σnp∆
n´1
E
θq.(4.4)
5. Unramified base change
We determine the unramified base change of a level zero supercuspidal representation
in this section.
For two unramified extensions K and E over F, we will write KE as the compositum
of K and E, which is still an unramified extension. Recall that φ is a fixed arithmetic
Frobenius element inWF . For two nonnegative integers n and m, let pn,mq denote as
usual the greatest common divisor of n and m.
Proposition 5.1. Let pE{F, θq P TnpFq and π “ pinpθq as in (4.2). Assume that K{F is
an unramified field extension of degree m. Then
πK{F “ pin{pn,mqpς1q ˆ ¨ ¨ ¨ ˆ pin{pn,mqpςpn,mqq,(5.1)
where, for each i,
ςi “ ∆
n{pn,mq´1
KE
¨ p∆n´1
E
θq ˝ φi|E ˝ NKE{E(5.2)
is a character of pKEqˆ and pKE{K, ςiq is an admissible tame pair. The representation on
the right hand side of (5.1) does not depend on the order of these pin{pn,mqpςiq.
Proof. By (2.1) and (4.4), we have
l
K
n pπK{Fq “ ResK{F l
F
n pπq “ ResK{F IndE{F∆
n´1
E
θ.(5.3)
AsWE is a normal subgroup ofWF of finite index, we can apply Mackey’s restriction
formula (A.1). Note that, as E{F, K{F are unramified extensions, the inertia groups IF ,
IE and IK are all the same. Recall that Φ is a fixed geometric Frobenius element inWF ,
then Φn (resp. Φm) is a geometric Frobenius element ofWE (resp. WK). Therefore we
can take tΦ, ¨ ¨ ¨ ,Φpn,mqu to be a set of representatives of double cosetsWKzWF{WE .
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Note that EK is the unramified extension of F of degree rn,ms, where rn,ms is the least
common multiple of n and m, and thatWE XWK “WKE . Applying (A.1), we get
ResK{F IndE{F∆
n´1
E
θ “
pn,mq
‘
i“1
IndKE{K
Φ
i
p∆n´1
E
θq|WKE .(5.4)
It follows from [Ser, Proposition 11, §4, Chap XIII] that the character Φ
i
p∆n´1
E
θq ofWE
corresponds exactly to the character p∆n´1
E
θq˝φi|E of E
ˆ via local class field theory, where
φ “ Φ´1 is a arithmetic Frobenius element ofWF . Hence the restriction of
Φ
i
p∆n´1
E
θq to
WKE corresponds to the character p∆
n´1
E
θq ˝ φi|E ˝ NKE{E of pKEq
ˆ. So we rewrite (5.4)
as
ResK{F IndE{F∆
n´1
E
θ “
pn,mq
‘
i“1
IndKE{K p∆
n´1
E
θq ˝ φi|E ˝ NKE{E .(5.5)
Claim: pKE{K, p∆n´1
E
θq˝φi|E ˝NKE{Eq is an admissible tame pair of degree n{pn,mq.
In fact, KE{K is an unramified field extension of degree rn,ms{m “ n{pn,mq. Set ξ “
p∆n´1
E
θq ˝ φi|E ˝ NKE{E . As NKE{E pU
1
KE
q Ă U1
E
and θ is trivial on U1
E
, ξ is trivial on
U1
KE
. So pKE{K, ξq is by definition a tame pair of degree n{pn,mq. We are then left to
show that pKE{K, ξq is admissible. Suppose that ξ is not admissible, then it is fixed by a
subgroupG1,G1 ‰ e, of GalpKE{Kq. Note that ξ is obviously fixed by GalpKE{Eq. As the
orders of GalpKE{Kq and GalpKE{Eq are coprime, we infer that ξ is fixed by a subgroup
of GalpKE{Fq that is strictly larger than GalpKE{Eq. By the arguments in the proof of
Lemma 4.1, this means that ξ factors through NKE{L , where L{F is a subextension of E{F.
By the transitivity of the norm map and the fact that NKE{E is surjective, we conclude that
p∆n´1
E
θq ˝ φi|E factors through NE{L . This implies easily that θ also factors through NE{L ,
which contradicts the assumption that pE{F, θq is an admissible pair.
Therefore, by (4.4), we have
IndKE{K p∆
n´1
E
θq ˝ φi|E ˝ NKE{E “ l
K
n{pn,mqppin{pn,mqpςiqq(5.6)
with ςi defined in (5.2). Note that no two of the representations pin{pn,mqpςiq and pin{pn,mqpς jq
are linked in the sense of [Zel] and that the condition (‹) is satisfied, hence the representa-
tion
pin{pn,mqpς1q ˆ ¨ ¨ ¨ ˆ pin{pn,mqpςpn,mqq
is irreducible ([Zel, Theorem 4.2]) and does not depend on the order of these pin{pn,mqpςiq.
By (1.7), together with (5.6), (5.5) and (5.3), we get
l
K
n pπK{Fq “
pn,mq
‘
i“1
l
K
n{pn,mqppin{pn,mqpςiq
“ lKn ppin{pn,mqpς1q ˆ ¨ ¨ ¨ ˆ pin{pn,mqpςpn,mqqq.
So, by the Langlands correspondence, we are done.
Q.E.D.
In particular, we see that an unramified base change of π P A0npFq0 is again supercus-
pidal if and only if the degree of the base field extension is coprime with n.
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To make use of (2.3) later in our computation, we need one simple observation. Any
level zero supercuspidal representation is automorphically induced by a character.
Lemma 5.2. Let pK{F, λq be an admissible tame pair of degree m and πmpλq be the
representation as in (4.2). Then
pimpλq “ p∆
m´1
K
λqK{F .(5.7)
Proof. This follows immediately from (2.2) and (4.4). Q.E.D.
6. Main result
Before the proof of our main result, we note that
Lemma 6.1. Let K{F be an unramified field extension of degree m. Let Ξ be the group
of characters of Fˆ that is trivial on NK{FpK
ˆq. Suppose that ψ has level one. Thenź
χPΞ
γps, χ, ψq “ p´1qm´1γps, 1K , ψKq.(6.1)
Proof. The characters in Ξ are unramified as K{F is unramified and the norm map
NK{F is surjective. Then by [BH2, §23.4,§23.5], for χ P Ξ, we have that
γps, χ, ψq “
qs´1{2
χp̟q
¨
1´ χp̟qq´s
1´ χp̟q´1qs´1
“ ´q´s´1{2
qs ´ χp̟q
qs´1 ´ χp̟q
.(6.2)
When χ runs over Ξ, the value χp̟q runs over the m-th roots of unity, as the group Ξ is
cyclic of order m. Henceź
χPΞ
γps, χ, ψq “ p´1qmq´ms´m{2
qms ´ 1
qms´m ´ 1
“ p´1qm´1γps, 1K , ψKq.(6.3)
Q.E.D.
Theorem 6.2. Let π P A0npFq0 and τ P A
0
mpFq0 with n ą m and ψ of level one. Then
γps, π ˆ τ, ψq “ p´1qnm´pn,mqq´nm{2
pn,mq´1ź
i“0
Gp rηπqi ˝ Nrn,ms:n ¨ rητ ˝ Nrn,ms:m, ψ˜q.(6.4)
where rηπ resp. rητ is the regular character of Fˆqn resp. Fˆqm that corresponds to π˜ resp. τ˜
via Green’s parameterization and G is the Gauss sum as defined by (0.2).
Proof. We split the proof in the following steps.
Step (1). Suppose that pK{F, ητq is the admissible tame pair that corresponds to τ by
pim (see (4.2)). By Lemma 5.2, we have
τ “ pimpητq “ p∆
m´1
K
ητq
K{F .
Applying (2.3), we get
γps, πˆ τ, ψq “ γps, πˆ p∆m´1
K
ητq
K{F , ψq
“ γps, πK{F ˆ ∆
m´1
K
ητ, ψKq
ś
χPΞ γps, χ, ψFq
n
γps, 1K , ψKqn
(6.5)
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“ p´1qmn´nγps, πK{F ˆ ∆
m´1
K
ητ, ψKq.
The last equality follows from Lemma 6.1.
Step (2). Suppose that pK1{F, ηπq is the admissible tame pair that corresponds to π. So
π “ pinpηπq. By (5.1), we get
πK{F “ pin{pn,mqpς1q ˆ ¨ ¨ ¨ ˆ pin{pn,mqpςpn,mqq.
where pin{pn,mqpςiq P A
0
n{pn,mq
pKq0 corresponds to the admissible tame pair pK
1K{K, ςiq,
and
ςi “ ∆
n{pn,mq´1
KK1
¨ p∆n´1
K1
ηπq ˝ φ
i|K1 ˝ NKK1{K1 .(6.6)
By the multiplicativity of local γ-factors [JPSS, Theorem 3.1], we get
γps, πK{F ˆ ∆
m´1
K
ητ, ψKq “
pn,mqź
i“1
γps, pin{pn,mqpςiq ˆ ∆
m´1
K
ητ, ψKq.(6.7)
Step (3). Now we invoke the formula (3.7). We have, for each i, that
γps, pin{pn,mqpςiq ˆ ∆
m´1
K
ητ, ψKq
“ ητp´1q
n{pn,mq´1qrn,ms{2´mγp Čpin{pn,mqpςiq ˆ Č∆m´1K ητ,ĂψKq.(6.8)
The gamma factor on the right hand side of (6.8) is a gamma facotr over finite fields. From
(6.6), the regular character which corresponds to Čpin{pn,mqpςiq isrηπqi ˝ Nrn,ms:n.
In view of (3.4), we get
γp Čpin{pn,mqpςiq ˆ Č∆m´1K ητ,ĂψKq
“ p´q´m rητp´1qqn{pn,mq´1Gp rηπqi ˝ Nrn,ms:n ¨ rητ ˝ Nrn,ms:m, rψq.(6.9)
Finally, combining (6.5), (6.7), (6.8) and (6.9) together, we get (6.4).
Q.E.D.
We can also reformulate a formula for gamma factors over finite fields.
Theorem 6.3. Let π and τ be irreducible cuspidal representations of GLnpFqq and
GLmpFqq respectively, n ą m. Let ηπ and ητ be the correspoding Fq-regular characters of
F
ˆ
qn and of F
ˆ
qm via Green’s parameterization. Then
γpπˆ τ, ψq “ p´1qnm´pn,mqητp´1q
n´1q
´mn`
m2`m
2
pn,mq´1ź
i“0
Gpηq
i
π ˝Nrn,ms:n ¨ ητ ˝ Nrn,ms:m, ψq.
(6.10)
Appendix A. Mackey’s restriction formula
Proposition A.1. Let G be a locally profinite group. Let H be an open subgroup, and
let pσ,Wq be a smooth representaton of H. Let K be a closed subgroup of G. There is a
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natural isomorphism
ResGK c-Ind
G
Hσ –
à
gPKzG{H
c-IndKKXgHRes
gH
KXgH
gσ(A.1)
where gH is the subgroup gHg´1 of G and gσ is the representation of gH on W defined by
gσpghg´1q “ σphq.
Proof. Suppose tgiu is a set of representative of double cosets KzG{H and tk
piq
j
u is a
set of representative of cosets K{K X giHg
´1
i
. Then tk
piq
j
giu is a set of representative of
cosets G{H. For w P W, let fw P c-Ind
G
Hσ such that fw is supported in H and fwphq “
σphqw. SupposeW is a C-basis of W. Then, by the lemma in [BH2, 2.5], tk
piq
j
gi fw | w P
Wu is a C-basis of c-IndGHσ. For a fixed gi “ g, we show that tk jg fw | w P Wu is
a C-basis of a K-representation that is isomorphic to c-IndKKXgHRes
gH
KXgH
gσ. This latter
representation has a C-basis tk jφw | w PWu, where φw is supported in KX
gH and φwpkq “
σpg´1kgqw. Then the map k jg fw ÞÑ k jφw extends linearly and gives the required K-
isomorphism. In fact, k jφw “ λpgqk jg fw|K , where λpgq is the left translation by g, so the
K-equivalence follows immediately. Q.E.D.
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